Rules for integrands of the form P, [x] (a + bx")?

X: J-Pq[x] (a+bx)Pdx whenpeF Am+1ez-

Derivation: Integration by substitution

Basis: If n € Z*,then F(x] (a+bx)P = 2 subst [x"P*"-1F |-

: +%],x, (a+bx)1/"] <3x(a+bx)1/n

a
b

Rule:lf pe F Am+1¢eZ,letn = Denominator|[p], then

n a x"
qu[x] (a+bx)Pdx — —Subst[jx""""‘1 Pq[—— + —] dx, x, (a+bx)1/"]
b b b

Program code:

(* Int[Pq_=(a_+b_.*x_)~p_,x_Symbol] :=

With[{n=Denominator[p]},

n/b%Subst [Int [x” (nxp+n-1) xReplaceAll [Pq,x—~»-a/b+x”*n/b],x],X, (a+bxx)~ (1/n) ]] /5
FreeQ[{a,b},x] && PolyQ[Pq,x] && FractionQ[p] =*)

2: JPq[x] (a+bx")?dx whenpez*

Derivation: Algebraic expansion

Rule: If p € Z*, then

J.Pq [x] (a+bx")?dx — J‘ExpandIntegr‘and[Pq [x] (a+bx")?, x] dx

Program code:

Int[Pq_x(a_+b_.*x_"n_.)"p_.,x_Symbol] :=
Int [ExpandIntegrand [Pqx (a+b*x”n) *p,x],Xx] /;
FreeQ[{a,b,n},x] && PolyQ[Pq,x] && (IGtQ[p,0] || EqQ[n,1])



Rules for integrands of the form Pq(x) (a+b x~n)"p

3: Jbﬂx](a+bxﬂde\ande,a]=e

Derivation: Algebraic simplification
Rule: If P4[x, @] == 0,then

JPq [x] (a+bx")?Pdx — |xPolynomialQuotient[Pq[x], X, x] (a+bx")"dx

Program code:

Int[Pq_=x(a_+b_.*x_"n_.)"p_,x_Symbol] :=
Int [x*PolynomialQuotient [Pq,X,X] * (a+b*x"n) "p,x] /8
FreeQ[{a,b,n,p},x] & PolyQ[Pq,x] && EqQ[Coeff[Pq,x,0],0] && Not[MatchQ[Pq,x"m_.+u_. /; IntegerQ[m]]]



Rules for integrands of the form Pq(x) (a+b x~n)"p

4. qu[x] (a+bx")Pdx whennez
1. JPq[x] (a+bx")pdlx whennez*

0: qu [x] (a+bx")?dx whennez* A qzn A PolynomialRemainder|[Pq[x], a+bx", x] =

Derivation: Algebraic simplification

Rule:lf neZ* A q = n A PolynomialRemainder [P4[Xx], a+ b x", x] == 0, then
JPq[x] (a+bx")Pdx — jPolynomialQuotient[Pq[x], a+bx", x| (a+bx")|J+1 dx

Program code:

Int[Pq_x(a_+b_.*x_"n_.)"p_.,x_Symbol] :=
Int[PolynomialQuotient [Pq,a+bxx"n,x] » (a+bxx"n)~ (p+1),x] /;
FreeQ[{a,b,p},x] && PolyQ[Pq,x] && IGtQ[n,0] && GeQ[Expon[Pq,x],n] && EqQ[PolynomialRemainder[Pq,a+b*x"n,x],0]



Rules for integrands of the form Pq(x) (a+b x~n)"p

1: JPq[x] (a+bx")?dx when%ez"/\ p>0

Derivation: Binomial recurrence 1b applied q times

Rule: If &1 € 2" A p > 0, then

P R s i+l P s . i
qu[x] (a+bx")Pax — (a+bXn)p2&+anpj(a+bx")p'1 [i a[x> 3] x

ieM+np+i+1 em+np+i+l

dx

Program code:

Int[Pq_x(a_+b_.*x_"n_.)"p_,x_Symbol] :=

Module [ {q=Expon[Pq,x],1i},

(a+bxx”n) ~pxSum|Coeff [Pq,x,i]+x* (i+1) /(n+p+i+1),{i,0,q}] +

axnxpxInt[ (a+bsxx”n) " (p-1) xSum[Coeff[Pq,x,i]*x i/ (nxp+i+1),{i,0,q}],x]] /;
FreeQ[{a,b},x] && PolyQ[Pq,x] && IGtQ[ (n-1)/2,0] && GtQ[p,0]



Rules for integrands of the form Pq(x) (a+b x~n)"p

2. JPq[x] (a+bx")?dx whennez* A p<-1
1. JPq[x] (a+bx")"d1x whennez*A p<-1 A q<n

1: qu[x] (a+bx")Pdx whennez*A p<-1 A q=n-1

Derivation: Algebraic expansion and binomial recurrence 2b applied q -1 times

Rule:lf nez*A p<-1Aqg=n-1,then
JPq[x] (a+bx")Pdx —
aP,[x, q] -bx (P - Pg[X, q a+bx")Pt 1 -1 )
(2Pqlx, a1 -bX (PqlX] - Palx, a1 x%)) (a+bx")™ J[E("(P”)*i*l) Pa[x, i] x| (a+bx")P ax
abn (p+1) an(p+1) by

Program code:

Int[Pq_=(a_+b_.*x_"n_)"p_,x_Symbol] :=
Module [ {q=Expon[Pq,x],i},
(axCoeff[Pq,x,q] -bxx*ExpandToSum[Pq-Coeff [Pq,X,q] *x*q,X] ) * (a+bx"n) ~ (p+1) / (axbxnx (p+1)) +

1/ (axnx (p+1) ) »Int[Sum[ (nx (p+1) +i+1) xCoeff[Pq,x,1] *»xi,{i,0,9-1}]* (a+bxx*n)~ (p+1),x] /;
q==n—1] /5

FreeQ[{a,b},x] && PolyQ[Pq,x] && IGtQ[n,0] && LtQ[p,-1]

2: qu[x] (a+bx")Pdx whennez*A p<-1 A q<n-1

Derivation: Binomial recurrence 2b applied q times

Note: 59, (i +1) P[x, i] xt = 8, (xPq[x]) CONtributed by Martin Welz on 5 June 2015

Rule:lf nez* A p< -1 A qg<n-1,then



Rules for integrands of the form Pq(x) (a+b x~n)"p

JPq[x] (a+bx")Pdx —

n(p+1) +i+1)Pe[x, i] xt| (a+bx")Ptdax
Sin e ) Palxs i] x| (a s bx)

i=0

an(p+1) +an(p+1)

X Pg[X] (a+bx“)""1 1 J[

X Pg[X] (a+bx")'°+1 1

. Jm (P +1) Pg[X] + 3 (xPq[x])) (a+bx")P"dx
an (p+1) an (p+1)

Program code:

Int[Pq_*(a_+b_.*x_“n_.)"p_,x_Symbol] :=

-X*Pqx (a+bxx”~n) A (p+1) / (a*n* (p+1)) +

1/ (axnx (p+1) ) *Int [ExpandToSum[n* (p+1) *Pq+D [x*Pq,Xx] ,X] * (a+bxx*n) ~ (p+1) ,x] /;
FreeQ[{a,b},x] && PolyQ[Pq,x] && IGtQ[n,0] &% LtQ[p,-1] && LtQ[Expon[Pq,x],n-1]

2. J-Pq[x] (a+bx")?dx whennez*A p<-1 A qzn

diex+fx3+gx?
1:J dx whenbd+ag=0

(a+bx?) >

Rule:If bd + a g == 0, then

diex+fx3+gxt af+2agx-bex?
J s dx — -
(a+bx?) 2abVa+bx*

Program code:

Int[P4_/ (a_+b_.*x_"4)~(3/2),x_Symbol] :=
With[{d=Coeff[P4,x,0],e=Coeff[P4,x,1],f=Coeff[P4,x,3],g=Coeff[P4,x,4]},
- (a*f+2*a*g*x-b*e*x"2)/(Z*a*b*Sqrt [a+bxx*4]) /;

EqQ[bxd+axg,0]] /;

FreeQ[{a,b},x] &% PolyQ[P4,x,4] & EqQ[Coeff[P4,x,2],0]



Rules for integrands of the form Pq(x) (a+b x~n)"p

dx whenbe-3ah=20 A bd+ag=90

9. J-d+ex2+fx3+gx4+hx5

(a+bx“)3/2

Rule:lf be-3ah==0 A bd+ag-=90,then

diex?+fx3+gx*+hx® af-2bdx-2ahx3
J ym dx — -
(a+bx?) 2abVa+bx

Program code:

Int[P6 /(a_+b_.*x_"~4)~(3/2),x_Symbol] :=
With[{d=Coeff[P6,x,0],e=Coeff[P6,x,2],f=Coeff[P6,x,3],g=Coeff[P6,X,4],h=Coeff[P6,X,6]},
- (a*f—2*b*d*x—2*a*h*x"3)/(Z*a*b*Sqr‘t [a+bxx*4]) /;

EqQ[bxe-3xaxh,0] & EqQ[bxd+axg,0]] /;

FreeQ[{a,b},x] && PolyQ[P6,x,6] && EqQ[Coeff[P6,x,1],0] && EqQ[Coeff[P6,x,5],0]



Rules for integrands of the form Pq(x) (a+b x~n)"p

3: JPq[x] (a+bx")?dx whennez*A p<-1Aqzn

Derivation: Algebraic expansion and binomial recurrence 2b applied n -1 times
Note: 59, (i+1) Pa[x, i] x' = 8, (xP[x]) CONtributed by Martin Welz on 5 June 2015

Rule:lIf ne z* A p<-1AQ=hn, let Qq-n [X] = PolynomialQuotient[Pq[x], a+bx", x| and

Rn-1[X] = PolynomialRemainder [Pq[x], a+ b X", x], then

JPq[x] (a+bx")Pdx —

jRn-l[x] (a + bxn)ple+ JQQ—H [X] (a + bxn)p+1 dx —s

X Rp_1 [X] (a+bx")P+1 1 .
- + f(an (P+1) Qqn[X] +n (P+1) Ro_g [X] + 3y (XRn_1 [X])) (a+bx")P™"dx
an(p+1) an(p+1)

Program code:

Int[Pq_=x(a_+b_.*x_"n_.)"p_,x_Symbol] :=
With[{q=Expon[Pq,x]},
Module [ {Q=PolynomialQuotient [b* (Floor[ (q-1) /n]+1) xPq,a+b*x"n,x],
R=Polynomia1Remainder[bA(Floor[(q—1)/n]+1)*Pq,a+b*xAn,x]},
-Xx*R* (a+b*x”*n) ~ (p+1) / (a*n* (p+1) *xb” (Floor[ (q-1) /n]+1)) +
1/(a*n*(p+1)*bA(Floor[(q—1)/n]+1))*Int[(a+b*xAn)A(p+1)*ExpandToSum[a*n*(p+1)*Q+n*(p+1)*R+D[x*R,x],x],x]] /8
GeQ[q,n]] /;
FreeQ[{a,b},x] && PolyQ[Pq,x] && IGtQ[n,0] && LtQ[p,-1]



Rules for integrands of the form Pq(x) (a+b x~n)"p

Pq[X]
3.J dx whennez*A q<n
a+bx"

Pq[Xx]
1. J-—dlx whennez*A q<3
a+bx3

A+BXx
1.j dx
a+bx3?

A+BXx
1: J dx when aB>-bA3:==0
a+bx3

Derivation: Algebraic simplification

H 3
Basis: If a B3 - b A® == @, then £:BX _. B
a+b x b (A2-AB x+B? x?)

Rule: If aB3® - b A3 == 9, then

A+BX B3 1
j dx — —j—ax
a+bx3 b JA2-ABx+B2x?

Program code:

Int[ (A_+B_.*x_)/ (a_+b_.*x_"3),x_Symbol] :=
BA3/bsxInt[1/ (A*2-AxBxx+B*2%x2) ,x] /}
FreeQ[{a,b,A,B},x] && EqQ[a*B"3-bxA"3,0]



Rules for integrands of the form Pq(x) (a+b x~n)"p

A+BXx
2. J dx when aB>-bA3#0
a+bx3

A+BXx A
1:J dlxwhenaB3—bA3;e0A;>0
a+bx3

Reference: G&R 2.126.2, CRC 75

Derivation: Algebraic expansion

(Br+2As)+s (Br-As) x

e r _ (a\1l/3 AtBx __ _r(Br-As) _1 r r
Basis: I'ets B <b> ’then arbx3 3as r+s x * 3as

Rule:If aB*>-bA%>+0@ A 2 >0,letC = (%)1/3,then

rZ_rsx+s2x?

r(Br+2As) +s (Br-As)x
dx

A+BXx r(Br-As) 1 r
dx — - dx +
Ja+bx3 3as jr+sx 3asJ
Program code:

Int[ (A_+B_.*x_)/ (a_+b_.*x_"3),x_Symbol] :=

With[{r=Numerator[Rt[a/b,3]], s=Denominator[Rt[a/b,3]]},

-r% (Bxr-Axs) / (3xa*s) *Int[1/ (r+s*x),x] +

r/ (3xaxs) *Int[ (rx (Bxr+2xAxS) +Sx (Bxr-AxS) *X) / (r*2-r+*S*X+s”2xx"2) ,Xx] ] /5
FreeQ[{a,b,A,B},x] && NeQ[axB"3-bxA”3,0] && PosQ[a/b]

rl-rsx+s?x?

10



Rules for integrands of the form Pq(x) (a+b x~n)"p 11

A+BXx a
Z:J dx when aB>-bA>#0 A 230
a+bx3 b

Derivation: Algebraic expansion

. r_ [ a\l/3 A+BX __ r (Br+As)  r(r (Br-2As)-s (Br+As) x)
Basis: Let s < b) , then atbx3>  3as (r-sx) 3as (r2+rsx+s?x?)

Rule:If aB®>-bA%>+@ A 2 30,letC = (—ﬁ)”{then

J~A+Bxd] r‘(Br'+As)J~ 1 r J~r(Br—2As)—s(Br‘+As)xd1

X — dx -
a+bx3 3as r-sx 3as

X
rl+rsx+s?x?

Program code:

Int[ (A_+B_.*x_)/ (a_+b_.*x_"3),x_Symbol] :=

With[{r=Numerator[Rt[-a/b,3]], s=Denominator[Rt[-a/b,3]11},

r+ (Bxr+Axs) / (3xaxs) *Int[1/ (r-s*x),x] -

r/ (3*xaxs) *Int[ (rx (Bxr-2xAxS) —Sx (Bxr+AxS) *X) / (Pr*2+r*S*X+S”2xXx"2) ,X] ] /5
FreeQ[{a,b,A,B},x] &% NeQ[axB~3-bxA”*3,0] && NegQ[a/b]



Rules for integrands of the form Pq(x) (a+b x~n)"p

A+Bx+Cx?
2. j—dlx
a+bx3

A+Bx+Cx?
1: j—d]x when B2-AC==0 A bB3+aC3>==0
a+bx3

Derivation: Algebraic simplification

. 2 L 3 3 __ A+B x+Cx% __ _ (o
Basis: If B ~AC =08 A bB*+aC® == 0,then === = — —=—— B X

Rule:If BZ-AC=-0 A bB3+aC? = 9,then

dXx —» -— dx

A+Bx+Cx? c? 1
J a+bx3 b JB-Cx

Program code:

Int[P2_/ (a_+b_.*x_"3),x_Symbol] :=
With [ {A=Coeff[P2,x,0],B=Coeff[P2,x,1],C=Coeff[P2,x,2]},
-C*2/b*Int[1/ (B-CxXx) ,Xx] /;
EqQ[B"2-A+C,0] 8&& EqQ[bxB"3+axC"3,0]] /;
FreeQ[{a,b},x] && PolyQ[P2,x,2]

A+Bx+Cx?
2. J— dx when Ab%/3 - a/3p'/3B_-23%/3C==0
a+bx3

A+Bx+Cx?
1: J— dx when Ab%/3 - a¥/3p/3B_23a%3C==0
a+bx3

Derivation: Algebraic expansion

. 2/3 _ ,1/3 RK1/3 B 2/3 - _ a3 A+B x+Cx%2 __ C B+Cqg
Basis: If Ab a b B-2a C=9,letq = b1/3’then a+tbx®> b (g+x) T (92-q x+x?)

a1/3
pl/3?

Rule: If Ab%/3 —al/3bl/3B-22a%2/3C=9,letq = then



Rules for integrands of the form Pq(x) (a+b x~n)"p

A +Bx+Cx? C 1 B+Cq 1
j—dx_,—J dx + J dx
a+bx3 bJqg+x b Q> -qgx+x?

Program code:

Int[P2_/ (a_+b_.*x_"3),x_Symbol] :=
With[{A=Coeff[P2,x,0] ,B=Coeff[P2,X,1],C=Coeff[P2,x,2]},
With[{q=a”(1/3) /b~ (1/3)}, C/bxInt[1/(q+X),X] + (B+Cxq)/bxInt[1/ (g 2-q*Xx+Xx"2),x]] /;
EqQ[Axb” (2/3) -a” (1/3) #b” (1/3) xB-2#a" (2/3) %C,0]] /;

FreeQ[{a,b},x] && PolyQ[P2,x,2]

A +Bx+Cx?
2:~{—:———:———dx when A (-b)2/3 - (-a)¥/3 (-b)¥/3B-2 (-a)23C =0

a+bx3

13

Derivation: Algebraic expansion
H + + 2 +
Basis: If A (-b)?/2 - (-a)'? (-b)1/3B-2 (-a)?/>C=0,letq = l—>—b)13,the A oo s <qu_qcf+xz
~ Rule:If A (=b)2/3_ (—a)1/3 (b)V/3B_2 (—a)2/3C =0, letq - l-—aiﬁ,then

A+Bx+Cx? C 1 B+Cq 1
J-—dlx—>—J‘ dx + J dx
a+bx3 bJqg+x b q®-qgx+x?

Program code:

Int[P2_/ (a_+b_.*x_"3),x_Symbol] :=
With[{A=Coeff[P2,x,0],B=Coeff[P2,x,1],C=Coeff[P2,x,2]},
With[{gq=(-a)~(1/3)/(-b)~(1/3)}, C/bxInt[1/(q+Xx),x] + (B+Cxq)/b*xInt[1/(q"2-q*x+Xx"2),x]] /;

EqQ[A*(-b)A(2/3)—(—a)"(1/3)*(-b)"(1/3)*B-z*(-a)"(2/3)*c,0]] /3
FreeQ[{a,b},x] && PolyQ[P2,x,2]



Rules for integrands of the form Pq(x) (a+b x~n)"p

A+Bx+Cx?
3: J dx when Ab?3 + (-a)1/3b/3B-2 (-a)?/>C==0
a+bx3

Derivation: Algebraic expansion

Basis: If Ab2/3 1+ (—a)l/3bl/3B -2 (~a)?/3C = 0,letq = (22 then ABxCx2

x3

bl/3 a+b

Rule: If Ab?/3+ (—a)l/3bl’3B-2 (-a)?/3C =0,letq = %”‘1% then

A+BX+Cx? C 1 B-Cq 1
J\—dlx—)——J dx + J dx
a+bx3 bJqg-x b QG +qx+x2

Program code:

Int[P2_/ (a_+b_.*x_"3),x_Symbol] :=
With[{A=Coeff[P2,x,0],B=Coeff[P2,X,1],C=Coeff[P2,X,2]},
With[{q=(-a)~(1/3)/b”(1/3)}, -C/b*Int[1/(q-X),x] + (B-C%q)/bxInt[1/(q*2+q*x+Xx"2),x]] /;
EQQ[A*b" (2/3) + (-a) ~ (1/3) xb" (1/3) B-2x (-a) * (2/3) xC,0] | /;
FreeQ[{a,b},x] && PolyQ[P2,x,2]

14



Rules for integrands of the form Pq(x) (a+b x~n)"p

A+Bx+Cx?
4: J dx when A (-b)?/3 + al/3 (-b)¥/3B-2a%3C=0
a+bx3

Derivation: Algebraic expansion

then A+B x+C x? _

Basis: If A (-b)?/3 +al/3 (-b)1/3B-2a%/3C=-9,letqg =

)1’3’ a+b

Rule:If A (-b)2/3+3a%3 (-b)1/3B-2a%/3C=0,letq = ﬁ,then

b)

A +BX+Cx? C 1 B-Cq 1
J—dlx—»-—j dx + J dx
a+bx3 bJq-x b Q?+qx+x?

Program code:

Int[P2_/ (a_+b_.*x_"3),x_Symbol] :=
With[{A=Coeff[P2,x,0] ,B=Coeff[P2,X,1],C=Coeff[P2,x,2]},
With[{q=a”(1/3)/(-b)~(1/3)}, -C/b*Int[1/(q-X),x] + (B-C%q)/bxInt[1/(q*2+q*x+Xx"2),x]] /;
EQQ[A« (-b)~ (2/3) +a” (1/3) » (-b) ~ (1/3) xB-2xa" (2/3) xC,0] | /;
FreeQ[{a,b},x] && PolyQ[P2,x,2]

x3

15



Rules for integrands of the form Pq(x) (a+b x~n)"p

5: Jﬁiiﬁg;idxwmmA—(iVBB—2(§V”C=0
Derivation: Algebraic expansion
Basis: A~ (2)77B-2 (2)77C = letq= (7)* then 00 = C - pca
 Rule:if A- (2)%B -2 (g)mc e,letq - (3)1/3,then

Program code:

Int[P2_/ (a_+b_.*x_"3),x_Symbol] :=
With[{A=Coeff[P2,x,0],B=Coeff[P2,X,1],C=Coeff[P2,X,2]},
With[{qg=(a/b)~(1/3)}, C/bxInt[1/(q+X),Xx] + (B+Cxq)/bxInt[1/(q*2-q*Xx+X"*2),x]] /;
EqQ[A- (a/b) " (1/3) xB-2x (a/b)~ (2/3) +C,0]] /;
FreeQ[{a,b},x] && PolyQ[P2,x,2]

Int[P2_/(a_+b_.xx_"3),x_Symbol] :=
With[{A=Coeff[P2,x,0] ,B=Coeff[P2,X,1],C=Coeff[P2,x,2]},
With[{q=Rt[a/b,3]}, C/b*xInt[1/(q+X),X] + (B+Cxq)/bxInt[1/ (q*2-q*Xx+Xx"2),x]] /;
EqQ[A-Rt[a/b,3] *B-2xRt[a/b,3]°24+C,0]] /;
FreeQ[{a,b},x] && PolyQ[P2,x,2]
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Rules for integrands of the form Pq(x) (a+b x~n)"p

A+Bx+Cx?
6: | ———— dx when A+ (—

1/3
a+bx3 ) B_z(_

a ay2/3 ~ __
b b) C==9

Derivation: Algebraic expansion

Basis: If A + (—1)1/38—2 <_%>2/3c: 0,letq= (-2

b a+b x3

)1/3

Rule: If A + (—%)1/38—2 (—%)2/3C:: @,letq = (-2)""", then
1

A+Bx+Cx? C B-Cq 1
J‘—dlx—)——J‘ dx + J dx
a+bx3 bJq-x b g%+ qx+x?

Program code:

Int[P2_/ (a_+b_.*x_"3),x_Symbol] :=
With[{A=Coeff[P2,x,0],B=Coeff[P2,X,1],C=Coeff[P2,X,2]},
With[{q=(-a/b)~(1/3)}, -C/bxInt[1/(q-X),x] + (B-C#q)/bxInt[1/(q"2+q*x+x*2),x]] /;
EQQ[A+ (-a/b)~ (1/3) xB-2x (-a/b) " (2/3) *C,0]] /;
FreeQ[{a,b},x] && PolyQ[P2,x,2]

Int[P2_/(a_+b_.xx_"3),x_Symbol] :=
With[{A=Coeff[P2,x,0] ,B=Coeff[P2,X,1],C=Coeff[P2,x,2]},
With[{q=Rt[-a/b,3]}, -C/b*xInt[1/(q-X),X] + (B-Cxq)/bxInt[1/ (g 2+q*x+Xx"2),x]] /;
EqQ[A+Rt[-a/b,3] *B-2+Rt[-a/b,3]72x+C,0]] /;
FreeQ[{a,b},x] && PolyQ[P2,x,2]

1/3 2
) / ,then A+Bx+Cx2 __

B-Cg

b (g-x)

b (q2+q x+x2)

17



Rules for integrands of the form Pq(x) (a+b x~n)"p

A+Bx+Cx? a
3: J dlehenaB3—bA3==0V;¢.Q
a+bx3

Derivation: Algebraic expansion

. 2 2
Basis: A+B x+C x _ A+B X i Cx
asis a+b x3 a+b x3 a+b x3

Rule:If aB3-bA3:=-0 Vv 2 ¢ 0, then
A+Bx+Cx?
J a+bx3 X_)J
Program code:

Int[P2_/ (a_+b_.*x_"3),x_Symbol] :=
With[{A=Coeff[P2,x,0],B=Coeff[P2,X,1],C=Coeff[P2,X,2]},
Int[ (A+BxX) / (a+b*x”3) ,x] + CxInt[x~2/ (a+bxx"3),x] /;
EqQ[a*B"3-bxA”3,0] || Not[RationalQ[a/b]]] /;
FreeQ[{a,b},x] && PolyQ[P2,x,2]

A+BX

a+bx

dx+CJ
3

XZ

a+bx3

dx
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Rules for integrands of the form Pq(x) (a+b x~n)"p

2
a. JMcﬂx when A8 (2)? ¢ (1) =@

a+bx3

; A+Bx+Cx?
J a+bx3

dx when A-B (%)1/3+C (3)2/3 =0

Derivation: Algebraic simplification

Basis: If A - B (%)1/3+C(

Rule: If A-B | )1/3+c(

a
b

Program code:

Int[P2_/ (a_+b_.*x_"3),x_Symbol]

a
b

}2% = 0,letq = (2)"7 then ABx-CxC

a+b x

= 0,letg = (2)"° then

2

A+Bx+Cx? q A+Cqgx
j—dlx - —j—dl
a+bx3 aJg’-qx+x?

With[{A=Coeff[P2,x,0] ,B=Coeff[P2,x,1],C=Coeff[P2,x,2]},
With[{g=(a/b)~(1/3)}, gq*2/a*Int[ (A+Cxq*X) / (q*2-q*X+X*2),x]] /;
EQQ[A-Bx (a/b)~(1/3) +Cx (a/b)~(2/3),0]1] /;

FreeQ[{a,b},x] && PolyQ[P2,x,2]

X

a®
a

A+Cgx
g%-q x+x?
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Rules for integrands of the form Pq(x) (a+b x~n)"p

2: J-A+Bx+Cx dx whenA+B(—§)1/3+C( §)2/3 =0
a+bx3

Derivation: Algebraic simplification

. _a)\1/3 a\2/3 __ _a)1/3 A+Bx+Cx% __ g Ag+(A+Bqg) x
Basis:If A+B (-2)77+C (-2)%7 =0,letq = (-2)""", then A2 . d oy
N 1/3 2/3 1/3
Rule:If A+B (-2)Y7 4 (-2)*7 =0,letq= (-2)"7 then
JA+BX+Cx2dx_q EJAq+(A+Bq)xdx
a+bx3 a QG +qx+x?

Program code:

Int[P2_/ (a_+b_.*x_"3),x_Symbol] :=
With [ {A=Coeff[P2,x,0],B=Coeff[P2,x,1],C=Coeff[P2,x,2]},
With[{g=(-a/b)~(1/3)}, q/a*Int[ (Axq+ (A+Bxq) *X) / (q*2+q*Xx+x"2) ,x]] /;
EqQ[A+B« (-a/b)~ (1/3) +Cx (-a/b)~(2/3),0]] /;
FreeQ[{a,b},x] && PolyQ[P2,x,2]



Rules for integrands of the form Pq(x) (a+b x~n)"p

A+Bx+Cx?
5. J—

oo dx when A-B (%)”3+c(

)2/3

a
b #0

A+Bx+Cx?
: | —————dx whenaB’-bA*20 A 250 A A-B (2)"?+C(2) 10
a+bx3 b b b

Derivation: Algebraic expansion

i _ (a)1/3 ABx:Cx2 __ 9 (A-BQa+Cq?)
Basis:Letq = ()77, then A2X03C . == -

Rule:I1f aB3-bA3+0 A 2

2>0,letq = (%)1/3,ifA—Bq+Cq2¢@,then

q (q (2A+Bq-Cg?)- (A-Bg-2Cq?) x)
- 3a (q%-q x+x?)

A+Bx+Cx2 q(A-Bg+Cq?) 1 q (9(2A+Bq-Cq?)-(A-Bgq-2Cq?)x
J‘—dlx—> f ax + —
a+bx3 3a q+Xx 3a

g’ -qx+x?

Program code:

Int[P2_/ (a_+b_.*x_"3),x_Symbol]
With[{A=Coeff[P2,x,0],B=Coeff[P2,X,1],C=Coeff[P2,X,2],q=(a/b)"(1/3)},
q* (A-Bxq+Cxq”2) / (3%a) *Int[1/ (q+X),X] +

q/ (3%a) *Int[ (q* (2xA+B*xq-C+xq"*2) - (A-B*xq-2+Cxq"2) *X) / (q*2-q*X+X"2) ,X] /;
NeQ[a*B~3-bxA"3,0] && NeQ[A-Bxq+C+q"2,0]] /;

FreeQ[{a,b},x] && PolyQ[P2,x,2] &% GtQ[a/b,0]

A+BXx+Cx?
2: |————dxwhenaB*-bA’#0 A 2<0AA+B(-2)"4c(-2)" 20
a+bx3 b b b

Derivation: Algebraic expansion

+B g+C g2
Basis: Letq = (- 2) %% then ABx=CxC q (A+Bg+Cq?)

L (q (2A-Bg-Cq?)+ (A+Bg-2Cg?) x|
a+b x3 3a (g-x)

3a (q2+q X+X2>

Rule:If aB>-bA® 20 A 2 <0,letq= (-2)"°if A+Bq+Cq? # @, then

dx
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Rules for integrands of the form Pq(x) (a+b x~n)"p

dx + —
- X 3a P +gx+x?

dx —
a+bx3 3a

JA+Bx+cﬁ q(A+Bg+Cq?) j 1 q (9(2A-Bq-Cq?)+ (A+Bg-2Cq?)x
q

Program code:

Int[P2_/ (a_+b_.xx_"3),x_Symbol] :=
With[{A=Coeff[P2,x,0],B=Coeff[P2,x,1],C=Coeff[P2,x,2],q=(-a/b)"(1/3)},
q* (A+Bxq+Cxq”2) / (3*a) *Int[1/ (q-X) ,X] +
q/ (3%a) *Int[ (q* (2xA-B*q-C%xq"2) + (A+B*xq-2xC%xq"2) *X) / (q"2+q*X+X"2) ,X] /;
NeQ[a*B"3-bxA"3,0] & NeQ[A+Bxq+Cxq"2,0]] /;
FreeQ[{a,b},x] && PolyQ[P2,x,2] &% LtQ[a/b,0]

Pq[X] n
Z:J dx when - €Z* A q<n
a+bx" 2

Derivation: Algebraic expansion

Basis: If % €Z A q < n,thenp,x] = 574 xiP[x, i] = /21 xi (pq[x, 1] +Pg[x, 2 +i] x"/z)

Note: The resulting integrands are of the form X ;b

Rule:If 2 e z* A g < n,then

JPq[X] dx J\n/i_"l xi (Pq[x, 11 +Pg [x, %+i] Xn/Z) .

a+bx" i ¢t (a+bx")

Program code:

Int[Pq_/ (a_+b_.*x_"n_),x_Symbol] :=
With[{v=Sum[x"iix (Coeff[Pq,x,ii]+Coeff[Pq,x,n/2+ii]*x"(n/2))/(a+bxx"n),{ii,0,n/2-1}]},
Int[v,x] /;

sumQ[vl] /3

FreeQ[{a,b},x] && PolyQ[Pq,x] && IGtQ[n/2,0] && Expon[Pg,x]<n

+s x"/2 .
o for which there are rules.

dx
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Rules for integrands of the form Pq(x) (a+b x~n)"p

Pq[x]
4. J—dlxwhennez*Aq<n—1
Va+bx"
1. J‘ c+dx
Va+bx3
c+dx
1. j dx when a>0
Va+bx3
c+dx
1: j ax whena>@ A bc*-2(5-3V3 ) ad =

Va+bx3

Reference: G&R 3.139

1+\/?—(§)1/3X
1+r ( )1/3

Note:If a > @ A b > 0, then Ar‘cSm{ } is real when va+bx® isreal.

Warning: The result is discontinuous on the real line when x = - 2% where q (&)™
Rule:1f a>@ A bc® -2 (5-3/3 ] ad® =, letqs: 2L, then
314243 d(1+qx) [-uxdx

c+dx 2dVa+bx3 (1+V3 +ax)’ L Cr-1+v3 -gx

— dx — + ElllptlcE[Ar‘cSln —], -7—4\/?]

Va+bx3 ag? (1+«/?+qx) FVaibe Lgx 1+vV3 +qx

(1+\/3_+qx)
3144243 ds (s+rx) [|—Sorsxeix

c+dx 2ds*Va+bx3 ((2+937) serx)? .. . 1_\/?)5*'”(
—dx — E111pt1cE[Ar‘c51n[— B —7—4\/?]
Va+bx3 ar‘z((1+\/?)s+r‘x) 2Varbe s (s+rx) (1+\/?)s+r'x

(13 ) sorx)?

Program code:



Rules for integrands of the form Pq(x) (a+b x~n)"p

Int[ (c_+d_.*x_)/Sqrt[a_+b_.xx_"3],x_Symbol] :=
With[{r=Numer [Simplify[ (1-Sqrt[3])+d/c]], s=Denom[Simplify[(1-Sqrt[3])=+d/c]]},
2xdxs”3xSqrt[a+b*xx”3]/ (a*r*2x ((1+Sqrt[3]) *s+r*x)) -

37 (1/4) *Sqrt[2-Sqrt[3] ] *d*S* (S+r*X) *Sqrt[ (s*2-r*sxx+r"*2xx"2) / ((1+Sqrt[3]) *s+rxx) 2]/
(r*2xSqrt[a+bxx”3]*Sqrt[s* (s+rxx) / ( (1+Sqrt[3]) *s+r*x)~2])
E1lipticE [ArcSin[ ((1-Sqrt[3])*s+rx)/ ((1+Sqrt[3])«s+r«x)],-7-4+Sqrt[3]]] /;

FreeQ[{a,b,c,d},x] && PosQ[a] && EqQ[bxc”3-2x (5-3xSqrt[3]) *axd"3,0]

c+dx
2: j ax whena>@ Abc®-2(5-3V3 ) ad> 4@

Va+bx3

Derivation: Algebraic expansion

Note: Second integrand is of the form —=¢=_ wherea >0 A b c? (5 -3 \/?) ad?=o.

a+b x3

Rule:lf a>@ A bc3-2 (5—3\/§> ad® £ 0,letc, (2)", then

c+dx cr - (1— VF_ S+rXx
J—d]x—» J dlx+—J—d]x
Ya+bx3 Va+bx3 YVa+bx3

Program code:

Int[(c_+d_.xx_)/Sqrt[a_+b_.x*x_”3],x_Symbol] :=

With[{r=Numer[Rt[b/a,3]], s=Denom[Rt[b/a,3]]1},

(cxr-(1-Sqrt[3]) *d%s) /rxInt[1/Sqrt[a+bxx"3],x] + d/r*Int[ ((1-Sqrt[3])*s+rxx)/Sqrt[a+bxx*3],x]] /;
FreeQ[{a,b,c,d},x] && PosQ[a] && NeQ[bxc”~3-2% (5-3xSqrt[3]) *axd"3,0]
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Rules for integrands of the form Pq(x) (a+b x~n)"p

c+dx
2. f—dlx when a 3 @
Ya+bx3

c+dx
1: J dlxwhenajse/\bc3-2(5+3\j3)ad3==0
a+bx

Reference: G&R 3.139

11:{/7:(( a>> //3 } is real when va+bx isreal.

Note:If a <@ A b < 0, then Ar‘cSin{

Warning: The result is discontinuous on the real line when x = - = V_ where q- (9)”3.
5+3\/§)ad3 —-@letq-); ih_)—then
342,43 d (1+qx) ﬂx—“”—

Rule:lf a+ 0 A bc3 -

d 2dV b x3 3 +qx 1 3
X ax — arox + (3 o) EllipticE[Arcsin[—:————::li], -74-4wf§1
Va+bx? aq? (1—\/?+qx) PVarbxd |- Leax 1-43 +qx
(1—\/?+qx)2
1/4’\' 5 r‘sx+r‘x
c+dx 2ds>*Va+bx3 ’ 243 dS(S+PX)\} s+rx) 1*‘/?)5”'"
J\—dlx — EllipticE[Ar‘cSin[— s -7+4«/?]
Va+bx3 ar‘z((l—\/?)s+r'x) 2\Varbxd s (ssrx) (1—\/?)s+r‘x
((1'\/_)s+r‘x)

Program code:

Int[(c_+d_.*x_)/Sqrt[a_+b_.*x_"3],x_Symbol] :=
With[{r=Numer [Simplify[ (1+Sqrt[3])+d/c]], s=Denom[Simplify[ (1+Sqrt[3])+d/c1]},
2xdxs”3xSqrt[a+bxx"3]/ (a*xr*2x ((1-Sqrt[3]) *s+rxx)) +
37 (1/4) *Sqrt[2+Sqrt[3] ] *d*S* (S+r*X) *Sqrt[ (s*2-r*sxx+r”*2xx"2) / ((1-Sqrt[3]) *s+rxx) 2]/
(r*2xSqrt[a+bxx"3]*Sqrt[-sx (s+rxx) / ((1-Sqrt[3]) *s+rxx)"2]) *
EllipticE[ArcSin[ ((1+Sqrt[3])*s+r#x)/((1-Sqrt[3])«s+rxx)],-7+4+Sqrt[3]]] /;
FreeQ[{a,b,c,d},x] && NegQ[a] && EqQ[bxc”~3-2x (5+3xSqrt[3]) *a»d"3,0]
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Rules for integrands of the form Pq(x) (a+b x~n)"p

c+dx
2: J+—d1x when a3 @ A bc3-2(5+3V3)ad3¢e
Va+bx3

Derivation: Algebraic expansion

Note: Second integrand is of the form —=2x_ wherea » @ A bc? -2

a+b x3

5+3ﬁ) ad3 - o.

Rule:lf a3 @ A bc3-2

5+3 \/?) ad3+0, letq- £ (2)™7, then

c+dx cr—(1+\/?)ds 1 d (1+\/?)s+rx
J—dlx—> f dX+—J—dX
Va+bx3 r Va+bx3 r Va+bx3

Program code:

Int[(c_+d_.*x_)/Sqrt[a_+b_.*x_”3],x_Symbol] :=

With[ {r=Numer[Rt[b/a,3]], s=Denom[Rt[b/a,3]]},

(cxr-(1+Sqrt[3]) *xd%s) /rxInt[1/Sqrt[a+bxx"*3],x] + d/rxInt[ ((1+Sqrt[3]) *s+rxx)/Sqrt[a+bxx"3],x]] /;
FreeQ[{a,b,c,d},x] &% NegQ[a] && NeQ[bxc”~3-2x (5+3xSqrt[3]) *axd"3,0]

c+dx*
2, J—dlx
Va+bx®
c+dx?
1: j+—dx when2(§)2/3c— (1—\/?)d==0
Ya+bx®

Rule: If 2 (2)2/3c - (1—\/?) d = 0, let £ (%)™, then

J c+dx*
—dx —
Va+bx®



Rules for integrands of the form Pq(x) (a+b x~n)"p

s?-rsx?+r? x?

1/4 2 D, S
(1+\/?)ds?'x\/a+bx6 3 dsx(s+rx) (s+(1+3) m2)?
- EllipticE [Ar‘cCos [

V3
2ar? (s+(1+\/?)r'x2) 52 rx (serx?) Nartbxt S+ 1+\/?)r'x
T V) ey X

Program code:

Int[ (c_+d_.*x_"4)/Sqrt[a_+b_.*x_"6],x_Symbol] :=

With[{r=Numer[Rt[b/a,3]], s=Denom[Rt[b/a,3]]},

(1+Sqrt[3]) *dxs*3xx*Sqrt[a+b*xx"6]/ (2*xa*r*2x (s+ (1+Sqrt[3]) *rxx"2)) -

372 (1/4) *dxSxX* (S+r*x"2) *SqQrt [ (s*2-rxs*x*2+r*2xx"4) / (s+ (1+Sqrt[3]) xrxx"2)"2]/
(2%xr22xSqQrt [ (r*x"2x (S+r*x”2)) / (s+ (1+Sqrt[3]) *r*x~2) *2] xSqrt[a+bxx"6]) »
EllipticE[ArcCos[ (s+ (1-Sqrt[3]) *xr*x"2) / (s+ (1+Sqrt[3]) *r*x"2) ], (2+Sqrt[3]) /4] ] /5

FreeQ[{a,b,c,d},x] & EqQ[2xRt[b/a,3]”2xc- (1-Sqrt[3]) *d,0]

2: Jﬂdx whenz(E)Z/sc— (1—\/?)d¢0
Va+bx®

Derivation: Algebraic expansion

Basis: —exdxt 2cq2-(1-w/?) d d (1-«/?+2q2x4)
. == +
A a+b x® 2g% Y\ a+bx® 292 a+bx®

Rule: If 2 (9>2/3c— (1—\/?) d # 0, letq- (£), then

a
c+dxt Zcqz-(l-"-")d 1 d r1-vV3 +2¢2x*
—dx — 3 J dx + ZJ—dX
Va+bx® 2q Va+bx® 2q Va+bx®

Program code:

Int[ (c_+d_.*x_"4)/Sqrt[a_+b_.*x_"6],x_Symbol] :=
With[{q=Rt[b/a,31},

(2xcxq"2- (1-Sqrt[3]) »xd) / (2xq"*2) xInt[1/Sqrt[a+bxx"6],Xx] + d/(2%xq”2) *Int[ (1-Sqrt[3]+2xq”2xx"*4) /Sqrt[a+b*x"6],x]] /;

FreeQ[{a,b,c,d},x] && NeQ[2xRt[b/a,3]”2xc- (1-Sqrt[3]) *d,Q]
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Rules for integrands of the form Pq(x) (a+b x~n)"p

c+dx?
3. I—dlx
Va+bx®
c+dx?
1: j—dlx when bc*-ad*==0
YVa+bx®

Rule: If b c* - ad* == 9, then

4 i EllipticF[ArcSin[% WCZJ'ZCCLXZZJ'WdZ X ], -2 (1-v2)]
cax

v[&c+dx2
—dx —
Va+bx®
cdx3\/_1c—dx22 \/_dz a+b x¥)

2+V2 (c-dx*) Va+bx®

Program code:

Int[ (c_+d_.*x_"2)/Sqrt[a_+b_.xx_"8],x_Symbol] :=
-c*d*x"3xSqrt[- (c-d*x"2) "2/ (cxd*x"2) ] *Sqrt[-d"2* (a+b*x"8) / (bxc”2xx"*4) ]/ (Sqrt[2+Sqrt[2]]* (c-d*x"2) xSqrt[a+bxx"8]) *
EllipticF [ArcSin [1/2%Sqrt[ (Sqrt[2] *c”2+2xCcxd*x"2+Sqrt[2] *d*2xx"4) / (c*d*x”2)]],-2% (1-Sqrt[2]) ] /3
FreeQ[{a,b,c,d},x] && EqQ[bxc”4-axd"4,0]

c+dx?
Z:J- dx whenbc*-ad*#0

Va+bx®

Derivation: Algebraic expansion

" Basis: e (ST 0] (-7 o3

\ a+b x® 2 (:—)l/a a+b x® 2 (:_)1/4 \ a+b x®
Rule: If b c* - ad* + 9, then
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Rules for integrands of the form Pq(x) (a+b x~n)"p

J c+dx d+(§)1/4CJ1+(§)1/4XZ d_(g
——— dx — dx -
Va+bx® 2(%)1/4 Va+bx® 2(%

b\1/4
c -2 X
1/4 J (a) dx
) Va+bx®
Program code:
Int[ (c_+d_.*x_"2)/Sqrt[a_+b_.xx_"8],x_Symbol] :=
(d+Rt[b/a,4] xc) / (2xRt[b/a,4]) xInt[ (1+Rt[b/a,4] *x2) /Sqrt [a+bxx"8],x] -

(d-Rt[b/a,4]*c)/ (2xRt[b/a,4]) *Int[ (1-Rt[b/a,4] *xx*2) /Sqrt[a+bxx"8],x] /;
FreeQ[{a,b,c,d},x] && NeQ[bxc”4-axd”4,0]

Pq[Xx]
5: J dx whennez* A Pq[x, 0] #0
a+bx

Derivation: Algebraic expansion

Rule:If n e Z* A Pq[Xx, @] # 0, then

Pq[x] Pq[x] —Pq[x, 0] 1
dx — Pq[X, O]I dx + dx
xVa+bx xVa+bx" X Va+bx"

Program code:

Int[Pq_/ (x_x»Sqrt[a_+b_.*x_"n_]),x_Symbol] :=

Coeff[Pq,x,0] *Int[1/ (xxSqrt[a+bxx*n]),x] +

Int [ExpandToSum|[ (Pq-Coeff[Pq,x,0]) /x,x]/Sqrt[a+bsx~n],x] /;
FreeQ[{a,b},x] && PolyQ[Pq,x] & IGtQ[n,0] & NeQ[Coeff[Pq,x,0],0]
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Rules for integrands of the form Pq(x) (a+b x~n)"p

6: JPq [x] (a+bx")?dx when 2 €Z* A - PolynomialQ[Pq [x], x;]

Derivation: Algebraic expansion
Basis:If n € z* , then Pq[X] = 303 x K9 /™ pg[x, J+ kn] xkn
Note: This rule transform integrand into a sum of terms of the form x<o. [x3] (a+bx")".

Rule:If 5 e z* A - PolynomialQ|Pq[x], xﬂ,then

-1
JPq[x] (a+bx")Pdx — J x3
j-e

Program code:

Int[Pq_=(a_+b_.*x_"n_)"p_,x_Symbol] :=

Module[{q=Expon[Pq,x],j,k},

Int [Sum[x~j*Sum[Coeff[Pq,x,j+k«n/2] «x (kxn/2),{k,0,2x(q-3)/n+1}] (a+bxx"n)~p,{j,0,n/2-1}],x]] /;
FreeQ[{a,b,p},x] & PolyQ[Pq,x] &% IGtQ[n/2,0] && Not[PolyQ[Pq,x"(n/2)1]1]

30



Rules for integrands of the form Pq(x) (a+b x~n)"p

7: JPq[x] (a+bx")?dx whennez*A q=n-1

Derivation: Algebraic expansion
Rule:lf neZ* A q == n-1,then

qu[x] (a+bx")Pdx — Pg[x, n-1] Jx"'l (a+bx")pdx+J(Pq[x] -Pg[x, n-1] x"*) (a+bx")"dx

Program code:

Int[Pq_=(a_+b_.*x_"n_)"p_,x_Symbol] :=
Coeff[Pq,x,n-1]xInt [X”* (n-1) x (a+bxx”*n) *p,x] +
Int [ExpandToSum|Pq-Coeff [Pq,X,n-1]*x" (n-1) ,x]* (a+bxx"n) *p,x] /;
FreeQ[{a,b,p},x] && PolyQ[Pq,x] &% IGtQ[n,0@] && Expon[Pq,x]==n-1

Pq[X]
8: J— dx whennez*
a+bx"

Derivation: Algebraic expansion

Rule: If n € Zz*, then

Pq [X]

Pq[x]
J a dx — jExpandIntegr‘and[ B x] dx

a+bx" a+bx"

Program code:

Int[Pq_/ (a_+b_.*x_"n_),x_Symbol] :=
Int [ExpandIntegrand[Pq/ (a+b*x"n),x],x] /;
FreeQ[{a,b},x] && PolyQ[Pq,x] && IntegerQ[n]
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Rules for integrands of the form Pq(x) (a+b x~n)"p

9: J-Pq[x] (a+bx")’dx whennez*A q-n2@ A q+np+1#0

Reference: G&R 2.110.5, CRC 88a

Derivation: Algebraic expansion and binomial recurrence 3a

Reference: G&R 2.104

Note: This rule reduces the degree of the polynomial in the resulting integrand.
Rule:lf neZ*Aq+np+1+0 A gq-n = 0,then

Jbﬂx](a+bxwpdx-a
Pqlx, q] |x9 (a+bx")p+J(Pq[x] -Pq[x, q1 x9) (a+bx")Pdxdx —

Pa[X, q1 x4 (a+ bx")p+1

+

b(q+np+1)

mj(b (@+np+1) (Pq[x] -Pqlx, q1 x*) -=aPq[x, q] (q-n+1) x3™") (a+bx")"dx

Program code:

Int[Pq_x (a_+b_.*x_"n_)"p_,x_Symbol] :=
With[{q=Expon[Pq,x]},
With[{Pqq=Coeff[Pq,x,q]},
Pgg*x” (q-n+1) * (a+b*x”n) * (p+1) / (b* (g+n*xp+1)) +
1/ (bx (q+n*p+1) ) *Int [ExpandToSum[bx (q+n*p+1) x (Pq-Pqq*x~q) -a*xPqq* (q-n+1) *x* (q-n) ,x] * (a+bxx"n) *p, x] ] /5
NeQ[q+nxp+1,0] && q-n>0 && (IntegerQ[2xp] || IntegerQ[p+(q+1)/(2*n)])] /3
FreeQ[{a,b,p},x] && PolyQ[Pq,x] && IGtQ[n,0]
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Rules for integrands of the form Pq(x) (a+b x~n)"p

2: JPq[x] (a+bx")?dx when nez-

Derivation: Integration by substitution

X =

Basis: F [X] == —Subst{ﬂi—zlL, X, ﬂ Ox

Note: xap,[x] is a polynomial in x.
Rule:If n € Zz7, then

X9 Py [x‘l] (a + bx‘")p

Xq+2

JPq[x] (a+bx")Pdx — —Subst[J

1
dx, x, —]
X

Program code:

Int[Pq_*(a_+b_.*x_"n_)"p_,x_Symbol] :=

With[ {gq=Expon[Pq,x]},

-Subst [Int [ExpandToSum[x*qxReplaceAll [Pq,x—>Xx" (-1) ],X]* (a+b*x”* (-n) ) p/x*(q+2) ,x],%x,1/x]] /;
FreeQ[{a,b,p},x] &% PolyQ[Pq,x] && ILtQ[n,0]
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Rules for integrands of the form Pq(x) (a+b x~n)"p

5: JbﬂX](a+bx“pdxMMenneF

Derivation: Integration by substitution
Basis: If g € Z*, then xmp,[x] F[x"] == g Subst [x8 M1 -1p, [xE] F[xE"], X, xV/&] o, x/8
Rule:If n € F, letg = Denominator [n], then

JPq[x] (a+bx")Pdx — gSubst[‘J\xg'1 Pq[x8] (a+bxE")Pdx, x, x”g]

Program code:

Int[Pq_* (a_+b_.*x_"n_)~p_,x_Symbol] :=
With[{g=Denominator[n]},
g*Subst[Int[xA(g—l)*ReplaceAll[Pq,XQXAg]*(a+b*xA(g*n))Ap,x],x,xA(l/g)]] /5
FreeQ[{a,b,p},x] && PolyQ[Pq,x] && FractionQ[n]

6:JXA+Bxﬂ(a+bxﬂpdxvmenm—n+1=0

Derivation: Algebraic expansion

Rule:

J-(A+Bx'“) (a+bx")pd1x — AJ(a+bx")pdx+Bjxm (a+bx“)pd1x

Program code:

Int[(A_+B_.xx_"m_.)*(a_+b_.*x_"n_)"p_.,x_Symbol] :=
AxInt[ (a+bxx*n)~p,x] + BxInt[x*mx (a+bx*x*n)~p,x] /;
FreeQ[{a,b,A,B,m,n,p},x] & & EQQ[m-n+1,0]
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Rules for integrands of the form Pq(x) (a+b x~n)"p

?: J(A+Bx"/2+Cx“+Dx3“/2) (a+bx")Pdx whenp+1ez"

Derivation: OS and binomial recurrence
Note: This special case rule can be eliminated when there is a rule for integrands of the form p,[x"] (a+bx"+ cx2")®.

Rule:If p+1 ez ,then

J(A+Bx"/2+Cx"+Dx3“/2) (a+bx”)pdlx —

x (bA-aC+ (bB-aD) x"?) (a+bx“)p+1

abn (p+1)

1

—j(a»fbx")p+1 (2aC-2bA(n(p+1)+1) + (aD(n+2) -bB (n (2p+3) +2))x"/2) dx
2abn (p+1)

Program code:

Int[P3_x(a_+b_.*x_"n_)"p_,x_Symbol] :=

With[{A:Coe'F'F[P3,x"(n/2) ,0] ,B=Coeff[P3,x*(n/2),1],C=Coeff[P3,x"(n/2),2],D=Coeff[P3,x*(n/2),3] },

- (x* (bxA-axC+ (bxB-axD) *x” (n/2)) *» (a+bxx*n) ~ (p+1) ) / (axbxnx (p+1)) -

1/ (2%axbxn* (p+1) ) *Int [ (a+bxx~n) A (p+1) *Simp[2xaxC-2xbxAx (nx (p+1) +1) + (a*D* (N+2) -b*Bx (nx (2xp+3) +2) ) *Xx* (n/2) ,x] ,x] ] /5
FreeQ[{a,b,n},x] && PolyQ[P3,x*(n/2),3] &% ILtQ[p,-1]
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7: JPq [x] (a+bx")?dx

Derivation: Algebraic expansion

Rule:

JPq [x] (a+bx")Pdx — JExpandIntegr‘and [Pq[x] (a+bx")", x] dx

Program code:
Int[Pq_x(a_+b_.*x_"n_)"p_.,x_Symbol] :=

Int [ExpandIntegrand [Pq* (a+b*x"n)*p,x],x] /;
FreeQ[{a,b,n,p},x] & (PolyQ[Pq,x] || PolyQ[Pq,x"n])

S: JPq[V"] (a+bv")pd1x when v == f + g x

Derivation: Integration by substitution
Rule: If v == f + g x, then

J‘Pq [v'] (a+bVv")Pax — lSubst[jPq [x"] (a+bx")?dx, x, v]
g

Program code:

Int[Pq_x(a_+b_.*v_"n_.)"p_,x_Symbol] :=
1/Coe-F-F[v,x,1]*Subst[Int[SubstFor[v,Pq,x]*(a+b*x"n)"p,x],x,v] /3
FreeQ[{a,b,n,p},x] &% LinearQ[v,x] && PolyQ[Pqg,v~n]



Rules for integrands of the form Pq(x) (a+b x~n)"p

Rules for integrands of the form P,[x] (a + bx")? (c +dx")9

1. qu [x] (a1 +b; Xn)’J (az + b, Xn)p dx when a, by +a; by ==

1: JPq[x] (a1 +by x")? (a2 + by x")P dx when a; by +a; b, ==@ A (PEZ V a,>0 A a,>0)

Derivation: Algebraic simplification
BaSiSZ |f a2 bl + al b2 == @ A (p eZ \/ a]_ > @ A\ a2 > @) ,then (a1+b1x")p (a2+b2X“)p == (alaz+b1bzxzn)p
Rule:lif ab;+a1b, =0 A (pez VvV a; >0 A a, >0),then

JPq[x] (a2 + b x")" (a2 + b x") " dx — Jpq[X] (a1 @z + by by x*") P dx

Program code:

Int[Pq_=(al_+bl_.*x_"n_.)"p_.*(a2_+b2_.xx_"n_.)"p_.,x_Symbol] :=
Int [Pg* (alxa2+blxb2xx” (2xn) ) *p,x] /;
FreeQ[{al,bl,a2,b2,n,p},x] & PolyQ[Pq,x] &% EgqQ[a2xbl+alxb2,0] && (IntegerQ[p] || GtQ[al,0] && GtQ[a2,0])

2: JPq [x] (a1 + by x")? (az + by x")P dx when a, by + a3 b, == @

Derivation: Piecewise constant extraction

. p p
Basis: If a; by + a1 by == 0, then §, {21:2a X" (82xb X7
(al a2+b1 b2 X2n>

Rule: If ds b1 + dj b2 == 0, then
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Rules for integrands of the form Pq(x) (a+b x~n)"p

(al +by X") FracPart[p] (a2 +b, X") FracPart[p]
Jpq [x] (31 +by Xn)P (a2 +b, xn)P dx — Jpq [x] (31 a, + by, b, x2n) Pdx
(al a,+ bl bz XZ n) FracPart[p]

Program code:

Int[Pq_x(al_+bl_.xx_"n_.)"p_.*(a2_+b2_.*x_"n_.)"p_.,x_Symbol] :=
(al+blxx”~n)~FracPart[p]* (a2+b2xx”~n) *FracPart[p]/ (al*a2+blxb2xx” (2xn) ) *FracPart[p]*
Int[Pg* (al*a2+blxb2xx” (2xn))p,x] /;
FreeQ[{al,bl,a2,b2,n,p},x] & PolyQ[Pq,x] && EqQ[a2xbl+alxb2,0] && Not[EqQ[n,1] & LinearQ[Pq,x] |

2: J(e+fx"+gx2") (a+bx")? (c+dx")?dx whenacf=e (bc+ad) (n(p+1) +1) Aacg=bde (2n (p+1) +1)

Rule:lf acf=e (bc+ad) (n(p+1) +1)Aacg-=-bde (2n (p+1) +1) ,then

ex (a+bx")P (c+dxn)P?

j(e+fx"+gx2") (a+bx")? (c+dx")Pdx —
ac

Program code:

Int[(e_+f_.*X_"N_.+g_.#X_"N2_.)* (a_+b_.*X_"n_.)"p_.*(c_+d_.*x_"n_.)"p_.,x_Symbol] :=
exX* (a+bxx”n)~ (p+1) * (c+dxx*n) ~ (p+1) / (axc) /;
FreeQ[{a,b,c,d,e,f,g,n,p},x] & EqQ[n2,2xn] & EqQ[axcxf-ex (bxc+axd)« (nx (p+1)+1),0] && EqQ[axcxg-bxdxex (2xnx (p+1)+1),0]

Int[(e_+g_ .*x_"n2_.)*(a_+b_.*x_"n_.)"p_.*(c_+d_.*x_"n_.)"p_.,x_Symbol] :=
exX* (a+bxx”n) ~ (p+1) * (c+d*x*n) ~ (p+1) / (axc) /;
FreeQ[{a,b,c,d,e,g,n,p},x] & EqQ[n2,2xn] && EqQ[nx (p+1) +1,0] &% EqQ[a*cxg-bxdxex (2xn* (p+1) +1) ,0]
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Rules for integrands of the form Pq(x) (a+b x~n)"p

&~f@+3xﬂ(a+bﬂ)pk+dxﬂquWMnbc—ad¢0Am—n+1=0

Derivation: Algebraic expansion
Rule:lf bc-ad+#0 A m-n+1-=90,then

J(A+Bx'") (a+bx")? (c+dx")¥dx — AJ(a+bx")p (c+dx")qu+Bjxm (a+bx")? (c+dx")%dx

Program code:

Int[ (A_+B_.*x_"m_.)*(a_.+b_.*x_"n_)"p_.*(c_+d_.*x_"n_)"q_.,x_Symbol] :=
AxInt[ (a+bxx”~n) “p* (c+d*x*n)*q,x] + BxInt[x"m% (a+bxx”~n)p* (c+d*x*n)~q,x] /;
FreeQ[ {a,b,c,d,A,B,m,n,p,q},x] &% NeQ[bxc-axd,0] && EqQ[m-n+1,0]
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Rules for integrands of the form Pq(x) (a+b x~n)"p 40

Rules for integrands of the form P, [x]% (a+b (c +dx)™)P

1: J-P,,,[x]q (a+b (c+dx)")Pdx whenqezZ A neF

Derivation: Integration by substitution

BaSiSZ|fkez+,thenF[X, (c+dx)1/k} == §Subst[xk‘1F{’;—k— s x}, X, (c+dx)1/k} Oy (€ +dx)1/kK

(<
d
Rule:If ge zZ A neF,letk = Denominator[n],then

k k
J-Pm[x]q (a+b (c+dx)")Pdx — ESubst[‘J\xk‘1 Pm[%— i]q (a+bxk")pdlx, X, (c+dx)1/k]

Program code:

Int[Px_"q_.*(a_.+b_.*(c_+d_.*x_)"n_) " p_,x_Symbol] :=

With[{k=Denominator[n]},

k/d+Subst[Int[SimplifyIntegrand[x~ (k-1) «ReplaceAll[Px,x-x"k/d-c/d]~q* (a+b#x" (k#n))~ p,x],X],x, (c+d*x)~(1/k)]] /;
FreeQ[{a,b,c,d,p},x] && PolynomialQ[Px,x] &% IntegerQ[q] && FractionQ[n]



